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Abstract In this article, we provide optimality conditions for global solutions to cubic
minimization problems with box or binary constraints. Our main tool is an extension of the
global subdifferential approach, developed by Jeyakumar et al. (J Glob Optim 36:471-481,
2007; Math Program A 110:521-541, 2007). We also derive optimality conditions that char-
acterize global solutions completely in the case where the cubic objective function contains
no cross terms. Examples are given to demonstrate that the optimality conditions can effec-
tively be used for identifying global minimizers of certain cubic minimization problems with
box or binary constraints.
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1 Introduction

Consider the following cubic minimization problem with box constraints:
cp min f(x) =27, %ﬂixf + %xTAx +bTx
st xex= [T (i, il

where x = (x1, ..., x,)7 is the vector of decision variables, B;, u;, vi € R, u; < vi, b € R",
A € 8" and S" is the set of all symmetric n x n matrices.

The cubic optimization problem has spawned a variety of applications, especially in cubic
polynomial approximation optimization [1], convex optimization [2], engineering design,
and structural optimization [3]. Moreover, research results about cubic optimization problem
can be applied to quadratic programming problems, which have been widely studied because
of its broad applications, to enrich quadratic programming theory.

Y. Wang (X)) - Z. Liang

Department of Applied Mathematics, Shanghai University of Finance and Economics, Shanghai 200433,
People’s Republic of China

e-mail: mwangyj@hotmail.com

@ Springer



584 J Glob Optim (2010) 47:583-595

There are several general approaches used to establish optimality conditions for solu-
tions to optimization problems. These approaches can be broadly classified into three
groups: convex duality theory [4], local sub-differentials by linear functions [5—7] and global
L-subdifferentials by quadratic functions [8—11]. The third approach, which we extend in
this article, is often adopted to develop optimality conditions for special optimization forms:
quadratic minimization with box or binary constraints, quadratic minimization with quadratic
constraints, and bivalent quadratic minimization with inequality constraints, etc.

In this article, we focus our attention on more general problems, i.e., cubic minimization
problems with box or binary constraints. Our main tool is an extension of global L-sub-
differential approach from quadratic function to cubic function forms. By exploring some
fundamental properties of the problems, we establish sufficient conditions under which a
feasible point will be a global solution to CP. In particular, we present optimality conditions
that characterize global solutions completely in the case where the cubic objective function
contains no cross terms.

The layout of this paper is as follows. In Sect. 2, we extend global L-subdifferential
approach and present sufficient optimality conditions for global solutions to CP. We also
develop optimality conditions which characterize global solutions completely in the case
where the cubic objective function contains no cross terms. In Sect. 3, we provide global opti-
mality conditions for the cubic minimization problem subject to binary constraints. Finally,
examples are given to show the effectiveness of the proposed global optimality conditions in
Sect. 4.

2 L-subdifferentials and cubic minimization problem

We begin with basic definitions and notations that will be used throughout the article. The
real line is denoted by R and the n-dimensional Euclidean space is denoted by R”. The nota-
tion A > B means that the matrix A — B is positive semi definite. A diagonal matrix with
diagonal elements ¢y, ¢2, . .., ¢, isdenoted by diag(cy, ..., ¢,). Let L be a set of real-valued
functions defined on R".

L-subdifferentials: Let f : R” — R and xo € R". An element /[ € L is called an
L-subgradient of f at a point xg if

f(x) > f(xo) +1(x) —I(xg), Vx € R"

The set 97, f (x) of all L-subgradients of f at xq is referred as L-subdifferential of f at xo.
Note that if L is the set of all linear functions defined on R”, then for any real-valued
convex function f defined on R", 9y, f(x) = df (x), where df (x) is the subdifferential in
the sense of convex analysis [12].
Throughout the rest of the article, we use the following specific choice of L defined by

n
1 1 .
L= [Z g,Bixf + ExTQx+de|Q =diag(cy,...,cn),ci € R,d € R"] ,
i=1

where B; € R (i = 1,...,n) as before. The following result shows that, for the specific
choice of L, the representation of dy, f (x) (f(x) is not necessarily convex) can be calculated
explicitly.
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Proposition 1 Let f(x) = > 1pix} + 3xTAx +bTx, ¥ = (%1, ..., %) € R". Then,

Sh 1 =di ;
8Lf()?)=[235ixi3+2xTQx+de AzQ’Qd:”fff(cé’);';;f’)’c‘e&} 0
i=1

Proof Letlp(x) € L, 1i.e., lp(x) can be written as

n 1 1

Ip(x) = ; gﬁix? + ExTQx +dTx,
where Q = diag(cy,...,cn),ci € R,d € R".
If lp(x) € 91 f(X), then
lo(x) = lp(X) < f(x) — f(¥), Vx € R",
ie.,
1 7 T 1 7 T = =
d(x) = f(x) —lh(x) = Ex Ax+b' x — Ex Ox+d x) > f(x)—Ilhx).

Thus, ¢ (x) is bounded below and attains its minimum at x. According to necessary optimality
condition for unconstrained optimization problem, we have V¢ (x) = 0, Vi (x) = 0, ie.,
A>Q, d=(A— Q)x + b, which shows that

A > Q, Q0 =diag(cy,...,cn), ¢ €R,
d=(A—Q)x+b.

21 1
L f(x) C [Z gﬁix? + ExTQx +dTx
i=1

Now, we show that converse inclusion is also valid. Suppose that /p(x) belongs to the set
in right-hand side of (1), i.e., [o(x) has an expression as

lh(x) = ; %ﬂix? + %xTQx +dTx,
where A > Q,d = (A — Q)x + b. Then, let
1
P(x) == f(x) —lo(x) = ExT<A —Qx+ (b —-d)x.
Since,
Vo(E) = (A— Qi+ (b—d) =0, V(X)) =A—-Q >0,

¢ (x) is a convex function on R", and ¢ (x) attains its global minimum at x. That means

p(x) = f(x) —lo(x) = f(X) —lo(X), Vx € R".

Hence, we have [y(x) € dL f(X). O

For x = (xq,..., )En)T € X, suppose that there exists a matrix Q = diag(cy, ..., cn),
ci € R, suchthat A — Q > 0, and letd = (A — Q)X + b. Then, by Proposition 1, we have

" 1
)= gﬂixf + 5xTQx +d'x € 0 f(X).
i=1
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For deriving optimality conditions of global solutions to CP, we present some definitions and
notations. Define

1 _ 1 _ _ _
pi(x;) = gﬂi(xi - i)+ Eci(xi —X;) + (di + cixi + Bixix;),
1 3¢;

i = ——Xj— —.
2 4B;
We observe that p; (x;) is a quadratic function of x; which attains the minimum (if g; > 0)
or maximum (if §; < 0) at the point #;.
Let I = {i|x; = u; orv;}, J = {ilx; € (u;,v;)}. Fori € I, we present the following
definitions:

v o Vi if)f,‘:l/ti,
i = u; if)?i=vi,
f Xi if t; <wjand B; > 0,
Xi if t;, > v; and B; > 0,
t; if t; € (u;, v;)and B; > 0,
Xi=1x ift; <u;andp; <O,
Xi if 4 > v; and B; <O,
t; if t; € (u;, v;) and B; < O,
| v if B =0,
_ 1 if )E,' = Uuj,
V=S i &=,

if ;€ (ui,v),Bi <0,% =u;,

0

0 if 4 € (u;,v), Bi > 0,x =v;,
w; = 0
1

if g =0,
else,
T = yiwi,
and
1 if 4 e (ui,v), Bi <0,% = u;,
S it 4 € (ui,v), Bi > 0,x =,
=11 if g =0,
0 else.

Fori € J, we define
X; if t; <u;and B; > 0,
Uj if ; € (u;, x;]and B; > 0,
fi=1% ify>viandfi <O,
vi if 4 € [X,v)and B <O,
Xx;i if ¢ >0and B; =0,
and
1 if t; € (u;, x;]1and B; > 0,
f=1-1 ifte[%,v)andp; <0,

0 else.

In this section, we make the following assumption at x.
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Assumption 1 For each i € J, the following five cases do not happen

1 t=v;, B >0,
(2 i € (xi,v), Bi >0,
3) i <wu,Bi <0,
@) €W, x), B <0,
S) ¢ <0, =0.
Note that, for X;, there is no definition in the five cases which appears in Assumption 1.

Then, only under Assumption 1 we can establish sufficient optimality conditions for global
solutions to CP.

Theorem 2 (Sufficient global optimality conditions) Let x = (xi,..., )T € X satisfy
Assumption 1. Suppose that there exists a diagonal matrix
Q =diag(cy,...,cn),ci € R, suchthat A — Q > 0.

If it holds that

7 pi (Xi) + = min{y; pi (u;), yi pi(vi)} = O, foreach i €1, (@)

4ipi(X;)) <0 and p;(x;) =0, foreachi € J, 3)

then X is a global minimizer of the problem CP.
Proof Letx = (¥1,...,%,)T € X satisfy Assumption 1. Suppose that there exists a diagonal
matrix

Q0 =diag(cy,...,cn),ci € R, suchthat A— Q > 0.
Letd = b+ (A — Q)x. By Proposition 1, we immediately have that

n
1 1 B}
1))=Y gﬂix? + 5xTQx +dTx €0, (%),
i=1

f) = f®) = 1(x) —I(X) Vx € R".

Obviously, it suffices to prove that x is a global solution of /(x) over X.

Note that

=1 1
I(x) = 1(x) = Z{gﬁi(xi - %)+ Eci(xi — X%+ (di + i + Bixi%) (xi — X))
i=1

Therefore, x is a global minimizer of /(x) over X if and only if foreachi =1, ..., n,

1 _ 1 _ _ - _

3B G = %) Sy (i = %)% (A + 0%+ i) (v — %) = 0, forall x; € [ui, v;]. (4)

Indeed, if (4) holds foreachi =1, ..., n, itisevident that/(x) —[(x) > O for all x € X.
Conversely, suppose that x is a global minimizer. If there exist ip and x;, such that (4) is not
fulfilled, then by taking x* = (x], ..., x:f)T such that xl?“ = X;,1 # ip and x;’; = Xxj,, then

_ 1 _ 1 _ _
I(x*) = 1(x) = g/sio(xig — %)+ Ecio(xio — Fig)* + (diy + cigig
+,3i0xi0iio)(xi() - ii()) < 01

which contradicts the fact that x is a global minimizer.
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From the above analysis, it is sufficient to prove for eachi = 1, ..., n, under conditions
(2) or (3), (4) holds. We now consider the following three cases.

Case 1 If x; = u;,theni € I. Notice that in this case x; — x; > 0 for all x; € [u;, v;]. Thus,
for proving (4), it suffices to prove, under condition (2),

1 1
Pi(xi)=§ﬂi(xi - fi)2+56i(xi —X;) + (di+cixi+ Bixix;) = 0, forall x; € [u;, v;].
)

Notice that in (2) the value of X; is defined according to the values of B; and ¢#;. And there are
seven cases in the definition. Here, we only consider the first case, i.e., ; > 0 and #; < u;.
Then, it follows that X; = u;,y; = 1,7; = 1, and r; = 0. Substituting these values into
condition (2), we have p; (u;) > 0.

Notice that the quadratic function p;(x;) will attain the minimum at the point #; in the
case of B; > 0. By combining the fact that #; < u;, we can see that p;(x;) is monotonically
increasing over [u;, v;]. Since p; (¢#;) > 0, then (5) holds.

The other cases in the definition of X; can be considered analogously.

Case 2 If x; = v;, theni € I. Notice that in this case x; — x; < 0 for all x; € [u;, v;].
Thus, for proving (4), it suffices to prove p;(x;) < 0 for all x; € [u;, v;] under condition (2).
Similarly, we consider only the case in the definition of X;: 8; > O and#; < u;. It follows that
Xi =v;i,yi = —1,7;, = —1, and i; = 0. Substituting these values into condition (2), we have
pi(vi) < 0. From the analysis in case 1, when §; > 0 and ; < u;, p;(x;) is monotonically
increasing over [u;, v;]. Since p;(v;) < 0, then p;(x;) < 0 for all x; € [u;, v;].

The other cases in the definition of X; can be considered analogously.

Case 3 If x; € (u;, vi), theni € J. For proving (4), it suffices to prove, under the condition

3,
(6)

pi(x;) <0, for x; €[u;,Xx;),
pi(x;)) =0, for x; € (x;, vi].

Similarly, we consider only the case in the definition of X;: 8; > 0 and #; < u;. It follows
that x; = X; and 7; = 0. Substituting these values into condition (3), we have p; (x;) = 0.
From the analysis in case 1, when 8; > 0 and t; < u;, p;(x;) is monotonically increasing
over [u;, v;]. Since p;(x;) = 0, it is obvious that (6) holds.

The other cases under which X; has a definition can be considered analogously.
Combining the above three cases yields the desired result. O

We now consider a special class of cubic minimization problems where the cubic objective
function in CP contains no cross terms. The problem has the forms as

min fo(x) = >7_ (38 + Gx7 + bixi)

(CPy) : (s.t. x € X = [/ [ui, vil.

We will present complete characterization of global optimality for the above problem. Define
1 _ 1 _ _ _
qi(x;) = gﬁi(xi — %)+ Eai(xi = %)+ (bi +aixi + BixiXi).
Notice that ¢; (x;) has similar form with p; (x;). In p; (x;), replacing ¢; by a; yields ¢; (x;). In

addition, we need make some definitions of %;, t;, X;, ¥;, T; and x;, which are similar to the
previous ones. However, only note the following two points:

@ Springer



J Glob Optim (2010) 47:583-595 589

1. in the definition of X; and the case (5) in Assumption 1, ¢; should be replaced by a;.
2. t; , which appears in all the definitions and Assumption 1, should be rewritten as
g — 1._ 3ai
P =5k 15
Corollary 3 For (CPy), let x € X satisfy Assumption 1. Then X, is a global minimizer of
(C Py) if and only if,

Tiqi (X;) + = min{y;q; (ui), viqi (vi)} = 0, fori € I, @)
7iqi (%) <0 and q;(x;) =0, fori e J. 3)
Proof Let x satisfy Assumption 1. By definition, x is a global minimizer of (C Py) if and
only if
1 1
fox) = fo®) = |:§ﬂi (i = ) + Sai (i — %)% + (bi + @iy

i=1
+Bixixi) (xi — )E,-)] >0, forx € X. 9)
From the proof of Theorem 2, we can derive (9) is equivalent to foreachi =1, ..., n,

1 _ 1 _ _ _ _
gﬂi(xi - i)+ Eai(xi — X))+ (bi + @ik + Bixi%i)(x; — %) > 0, forall x; € [u;, v;].
(10)

Therefore, it suffices to prove, foreachi = 1, ..., n, (7) or (8) holds if and only if (10) holds.
We now consider the following three cases.

Case 1 If x; = u;, theni € I. It suffices to prove (7) holds if and only if (10) holds. We only
consider the case in the definition of X;: 8; > O and #; < u;. Since B; > 0 and #; < u;, we

have X; = u;, ¥ = 1, 7; = 1 and t; = 0. Substituting these values into (7) yields
qi(u;) = 0. (11)
Therefore, it suffices to prove (10) and (11) are equivalent.

Note that g; (x;) is monotonically increasing over [u;, v;] inthe case of §; > Oand#; < u;.
Therefore, if (11) holds, it follows that g; (x;) > O forall x; € [u;, v;]. Noting that x; —x; > 0
for all x; € [u;, v;], we have (10) holds.

Conversely, if (10) holds, then it follows that

1 _ 1 _ _ _
qi(x;) = g,Bi(xi — i)+ Eai(xi —X;) + (bi +a;jx; + Bix;x;) = 0, forall x; € (u;, v;]

by dividing (10) by x; — X; (x; € (u;, v;]). By combining the fact that g; (x;) is continuous
on R, we can derive (11).

The other cases in the definition of X; can be considered analogously to show the equiva-
lence of (7) and (10).

Case2 If x;, = v;, theni € [. It suffices to prove (7) holds if and only if (10) holds.
Similarly, we consider only the case in the definition of X;: 8; > O and #; < u;. Since ; > 0
and t; < u;, we have X; = v;, y; = —1,7; = —1 and t; = 0. Substituting these values into
(7) yields

gi(v;) = 0. 12)
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Therefore, it suffices to prove (10) and (12) are equivalent.

Note that g; (x;) is monotonically increasing over [u;, v;] in the case of §; > Oand#; < u;.
Therefore, if (12) holds, it follows that g; (x;) < O forall x; € [u;, v;]. Noting thatx; —x; <0
for all x; € [u;, v;], we have (10) holds.

Conversely, if (10) holds, then it follows that

1 _ 1 _ _ _
qi(x;) = gﬂi(xi - i)+ Eai(xi —Xi) + (bi +a;x; + Bix;x;) <0, forall x; € (u;, v;]

by dividing (10) by x; — X; (x; € [u;, v;)). By combining the fact that g; (x;) is continuous
on R, we can derive (12).

The other cases in the definition of X; can be considered analogously to show the equiva-
lence of (7) and (10).

Case 3 If x; € (u;, v;), theni € J. It suffices to prove (8) holds if and only if (10) holds.
Similarly, we consider only the case in the definition of X;: 8; > 0 and #; < u;. Since B; > 0
and t; < u;, we have X; = x;, and 7; = 0. Substituting these values into (8) yields

gi(xi) = 0. 13)
Therefore, it suffices to prove (10) and (13) are equivalent.

Note that g; (x;) is monotonically increasing over [u;, v;] in the case of §; > Oand #; < u;.
Therefore, if (13) holds, it follows that

gi(x;) <0, for x; € [u;, %],
gi(x;) =0, for x; € [x;, v].

Noticing also that x; — x; < 0 for all x; € [u;, x;] and x; — Xx; > O for all x; € [x;, v;], we
have (10) holds.
Conversely, if (10) holds, then it follows that

[qi(xi) <0 for x; €[u;,x;), (14)

gi(x;) >0 for x; € (x;, vi].

Combining the fact that g; (x;) is continuous on R, we can derive (13).

The other cases under which X; has a definition can be considered analogously to show
the equivalence of (8) and (10).

Combining the above three cases leads to the desired result. O

In the following corollary, we will see that Assumption 1 plays an important role in
necessary global optimality conditions for (C Pp).

Corollary 4 (Necessary global optimality condition) For (C Py), if X is a global solution,
then Assumption 1 holds.

Proof Let x is global solution of (C Py). Suppose that Assumption 1 does not hold. Then
there exists some i € J = {i|x; € (u;, v;)} such that at least one case in Assumption 1
happens. For instance, case (1) happens, i.e., t; > v;, f; > 0. Notice that in this case g; (x;)
is decreasing over [u;, v;]. Therefore, it is evident that condition (14) is not satisfied. This
implies condition (10) does not hold. Since x is global solution of (C Py) if and only if
(10) holds, then x is not global solution of (C Pp), which is a contradiction. For other four
cases in Assumption 1, we can also get a contradiction analogously. Thus, the desired result
follows. m]
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3 Bivalent cubic minimization problem

In this section, we will apply the method, developed in Sect. 2, to bivalent cubic minimization

problem of the following form
min > 183 + SxT Ax +bTx
s.t. x € le-lzl{u,', v}

(BCP): [

where u;, v, fi € R,u; < v;,i = 1,2,...,n,b € R" and A € S". Let S := {u;, v;},
i=1,...,n,and let S := H?:] {u;, vi}. Using the same line of arguments as in the proof
of Theorem 2, we derive sufficient global optimality condition for BCP.

Theorem 5 Letx = (%1, ...,%,)! € Sg. Suppose that there exists a diagonal matrix Q :=
diag(ct,...,cp),ci € Ryi=1,...,n, suchthat A— Q >0, and foreachi =1, ...,n,

1 Ci _

gVilgi(Ui —up)* + El(vi —u;) + yi(d; + ciX; + Biviu;) > 0 (15)

Then x is a global minimizer of BCP.

Proof Let x = Gi,.... 50T € S, 0 = diag(cy,...,cp) such that A — Q > 0, and
d = b+ (A — Q)x. By Proposition 1, we immediately have

= 1 1
1) =3 3hixl + 5x" Qv +d"x € 9L (),
i=1

fx)— f(X) =1(x) —1(¥) Vx € R".
Thus, it suffices to prove [(x) — I(x) > 0 for all x € Sp, i.e., X is a global minimizer of /(x)
over Sp. Note that

I(x) = 1(x) = Z{gﬁi(xi -’ + %Ci(xi — %)% + (di + ci%i + Bixi%i) (xi — i)}

i=1

Thus, from the proof of Theory 2, we have x is a global minimizer of /(x) over Sp if and

only if foreachi =1, ..., n, foreach x; € {u;, v;},

1 _ 1 _ _ _ -

3G = %)+ St = 5+ (d + 6 + BraiF) (i — %) = 0. (16)
Therefore, it suffices to prove, for eachi = 1, ..., n, if condition (15) holds, then for each

x; € {u;, v;} (16) holds.
We now consider the following two cases:

Case 1 If x; = u;, then y; = 1. Substituting this value into (15) leads to

1 1

g,Bi(Ui —u)* + ECi(Uz‘ —u;) + (di + ciu; + Biviu;) = 0. (17
Multiplying (17) by (v; — u;) and replacing u; by x;, we have (16) holds for x; = v;. Note

that for x; = u;, (16) holds obviously. Therefore, it follows that for each x; € {u;, v;}, (16)
holds.
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Case 2 If x; = v;, then y; = —1. Substituting this value into (15) leads to
1 1
= 3B =)’ + Sei(v — i) = (d; + i + Brou) = 0 (18)

Multiplying (18) by (v; — u;) and replacing v; by X;, we have (16) holds for x; = u;. Note
that, for x; = v;, (16) holds obviously. Therefore, it follows that, for each x; € {u;, v;}, (16)
holds.

Combining the above two cases yields the desired result. O

Next, we will consider a special case of BCP which has the form as

(BCPy - | M o) = X1 3B + X $7 + X bixi
sit. x € Sp =[]/ {ui, vi}.

By exploring the properties of (BC Py), we present optimality conditions which completely
characterize global solutions to (BC Py) in the following corollary.

Corollary 6 Let x € Sp. Then x, is a global minimizer of (BC Py) if and only if for each

i=1,...,n
1 a; _
Y - ui)? + EZ(”" —u;) + vi(bi + a;i%; + Piviu;) > 0. (19)

Proof Letx € Sp. By definition, x is a global minimizer of (BC Py) if and only if, for each
X € SB,

fo(X)—fo(i)=i[1ﬁ‘(x—i‘)3+ L xp — %P+ i+ i+ B ) (o — )] 2 0
l:l 3 1 1 1 2 1 1 1 1 1Vl [ RAd Rdd ] 1 l - .

(20)
Note that (20) holds for all x € Sp if and only if foreachi =1, ..., n, foreach x; € {u;, v;},
1 _ 1 _ _ _ -
gﬁi (o —%)° + S (i — %)? + (bi + ai%; + Bixi%i) (xi — %) > 0. (21)
Therefore, it suffices to prove, for each i = 1,...,n, (19) holds if and only if, for each
x; € {u;, v;}, (21) holds. We now consider two cases.
Case 1 If x; = u;, then y; = 1. Substituting the value into (19) yields
1 1
glgi(vi —ui)* + Eai(vi —u;) + (bi +aju; + Biviu;) > 0. (22)

It suffices to prove (22) holds if and only if (21) holds for each x; € {u;, v;}.

Indeed, if (21) holds for each x; € {u;, v;}, we can take x; = v; and replace X; by u;. Thus,
(22) holds by dividing (21) by (v; — u;). Conversely, suppose that (22) holds. Multiplying
(22) by (v; — u;) and replacing u; by x;, we have, for x; = v;, (21) holds. Note that, for
Xi = u;, (21) holds obviously. Therefore, it follows that, for each x; € {u;, v;}, (21) holds.

Case 2 If x; = v;, then y; = —1. Substituting the value into (19) yields
1 1
= 3B — )’ + Saii —wp) = (i + aivi + Prvjui) = 0. (23)

It suffices to prove (23) holds if and only if (21) holds for each x; € {u;, v;}.
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Indeed, if (21) holds for each x; € {u;, v;}, we can take x; = u; and replace x; by v;. Thus
(23), holds by dividing (21) by (v; — u;). Conversely, suppose that (23) holds. Multiplying
(23) by (v; — u;) and replacing v; by X;, we have, for x; = u;, (21) holds. Note that, for
x; = vj, (21) holds obviously. Therefore, it follows that, for each x; € {u;, v;}, (21) holds.

Combining the above two cases yields the desired result. O

4 Numerical experiment

Example 1 Consider the following problem
min f(x) = %x? + xg — 2x2 — %xlz + 2x1X3 + X1x4 — %x% + xox3 + 3x§ — X3X4 — x‘%
+4x1 + %xz — X3 — X4
s.t. x e [T, =1, 11.

1

In [8], Jeyakumar, Rubinov and Wu proved that x = (—1, —1, o DT isa global minimizer

of the following quadratic program with box constraints:

min f(x) = —%xlz + 2x1X2 + X1x4 — %x% + xox3 + 3x§ — X3X4 — xé%
+4x1 + %xg — X3 — X4
s.t. X € H?zl[—l, 1].

By adding the cubic terms to the objective function of above problem, we can obtain Example
1. Note that x is also a global minimizer of the following problem:

4
2
min[3x13 —l—x; — 2x2 | x e H[—l, 1]] .

i=1

Hence, we can conclude that x is a global minimizer of Example 1.
In our method, 8 = (2,3,0, —6)" b= (4,2, -1, -7, 1 ={1,2,4}, J = {3}, and

afa
-1 2 0 1
2 -1 1 0
A=lo 1 6 -1
1 0 -1 =2

Obviously Assumption 1 holds. Let Q = diag(c;) = diag(—4, —4, 0, —4). Then it is clear

that A—Q > 0,d = (A— Q)x+b = (0,0,0,—1/2)T. Fori = 1 € I, it holds that
= —%)21 — i% =2.Sincet; > vy, B > 0,then ) = 1,x; =v;, 71 =0,y = 1. So we

L=
have

- - . 2
71 p1(X1) + 7y min{y; p1(uy), y1p1(v1)} = 3> 0

Similarly, we can prove that the conditions in Theorem 2 hold fori = 2, 3, 4. From Theorem
2, we can conclude that x is a global minimizer.

Example 2 Consider the following problem:
[minf(x) = %x? —x% +2x§’ — %xlz —x2— %x%—l—x] — X2 4+ 2x3

st x € [, [-1,11.
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In [8], Jeyakumar, Rubinov and Wu proved that x = (—1, 1, —DTisa global minimizer of
the following quadratic program:

min f(x) = —%xlz — xz2 — %x% +x1 —x2 4+ 2x3
s.t. x e[ -1, 1.

By adding the cubic terms to the objective function of above problem, we can obtain Example
2. Note that x is also a global minimizer of the following problem:

3
1
min §x13 —xg +2x§’ | x e H[—l, 1]
i=1
Hence, we can conclude that x is a global minimizer of Example 2. Obviously y =
(=1, =1, =17 is not the global minimizer of Example 2.

In our method, for x = (—1, 1, DT, 1= {1,2,3}. Fori = 1,itholds that 8; = 1,a; =
—1br =150 =—3% — 3§ = 3. Since 1 > vy, fi > O, then &) = 1§ = vy, 7y =
0, y1 = 1. Therefore, we have

- - . 4
T1q1(X1) + Ty min{y1q1 (u1), y191(v1)} = 3> 0.

Similarly, we can prove that the conditions in Corollary 3 hold for i = 2, 3. From Corollary
3, we can conclude that x is a global minimizer.

Fory = (-1, —1, —I)T, the index set I = {1, 2, 3}. Since y; = X1 and y3 = x3, then it
suffices to check on y;. Since

7q2(y2) + o min{y2g2(u2), y2q2(v2)} = =2 < 0,

from Corollary 3, it is known that the point y is not the global minimizer.
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